Abstract. It is well known that Lie algebroid structures on a smooth vector bundle A are in one-to-one correspondence with Gerstenhaber brackets on the graded algebra of multisections of A. In this paper we introduce the notion of an n-Gerstenhaber algebra and prove a generalization of the above correspondence in the context of n-Lie algebroids. We also introduce the notion of Lie-Filippov bialgebroid as an n-ary generalization of Lie bialgebroid. A motivating example of Lie-Filippov bialgebroid is provided by a NambuPoisson manifold. We also prove that if a smooth vector bundle admits a Lie-Filippov bialgebroid structure of order n, then the base manifold is equipped with a canonical Nambu-Poisson structure of order n.
Introduction
This paper investigates properties of n-ary structures on smooth manifolds and smooth vector bundles for n ≥ 3. In 1985 Filippov [1] introduced n-Lie algebras as an n-ary generalization of Lie algebras. These are also referred to as Filippov algebras. This notion is also relevant in the context of Nambu mechanics [12] . There is growing interest to understand n-ary generalizations of the concepts of Lie algebras and Poisson manifolds. In [2] the authors introduced the concept of a Filippov algebroid -an n-ary generalization of Lie algebroid. An interesting class of examples of n-Lie algebroids arise from NambuPoisson manifolds of order n. Recall from [6] that Nambu-Poisson manifolds are n-ary generalizations of Poisson manifolds. It is well known that for a Poisson manifold M , the cotangent bundle T * M has a natural Lie algebroid structure. The generalization of the above result to Nambu-Poisson manifolds was proved in [13] : for a Nambu-Possion manifold M of order n, the cotangent bundle T * M has an n-Lie algebroid structure. We extend this result to Lie algebroids A over M equipped with a Nambu structure of order n [5, 16] by demonstrating that there there is a canonical n-Lie algebroid structure on the dual bundle A * (cf. Theorem 4.9). As a consequence, an n-Lie algebroid is associated to any given Nambu-Jacobi manifold [5] of order n.
It is well known [10] that Lie algebroid structures on a smooth vector bundle A over M are in one-to-one correspondence with Gerstenhaber brackets on the graded algebra Γ(Λ • A). The bracket together with the standard wedge product of multisections makes Γ(Λ • A) a Gerstenhaber algebra. In this paper, we prove a version of this result for n-Lie algebroids by introducing the concept of n-Gerstenhaber algebra as an n-ary generalization of a Gerstenhaber algebra (cf. Theorem 3.5).
1.2. Theorem. Let A be a vector bundle over M . There is a one-to-one correspondence between the set of n-Lie algebroid structures on A and the set of all n-Gerstenhaber algebra structures on the algebra (Γ(Λ • A), ∧).
The notion of Lie bialgebroid, introduced by Mackenzie and Xu [11] , is a generalization of both Poisson manifolds and Lie bialgebras. Recall that a Lie bialgebroid is a pair (A, A * ) of Lie algebroids in duality, where the Lie bracket satisfies a compatibility condition expressed in terms of the differential d * on Γ(Λ • A), i.e.,
for all X, Y ∈ ΓA.
We note that if M is a Poisson manifold then the Lie algebroid structures on T M and T * M form a Lie bialgebroid. In this paper, we show that when M is a Nambu-Poisson manifold of order n ≥ 2, then the Lie algebroid structure on T M and the n-Lie algebroid structure on T * M satisfy a similar compatibility condition involving the coboundary d and the n-Gerstenhaber bracket in the complex Γ(Λ • T * M ) of smooth differential forms. This serves as a motivating example for the notion of a Lie-Filippov bialgebroid (A, A * ) of order n, an n-ary generalization of the notion of a Lie bialgebroid.
In [15] Xu proved that there is a one-to-one correspondence between Lie bialgebroid structures on a smooth vector bundle A and strong differential Gerstenhaber structures on Γ(Λ • A). We introduce an n-ary generalization of a strong differential Gerstenhaber algebra and prove (cf. Proposition 5.6) a version of the above correspondence for a Lie-Filippov bialgebroid of order n.
It is well known [8, 11] that if (A, A * ) is a Lie bialgebroid over a smooth manifold M then there is a canonical Poisson structure on the base manifold M . It is, therefore, natural to expect that if (A, A * ) is a Lie-Filippov bialgebroid over M , then M would admit a canonical Nambu-Poisson structure. We prove that this is indeed the case (cf. Theorem 5.8).
1.3. Theorem. Let (A, A * ) be a Lie-Filippov bialgebroid of order n over a smooth manifold M for n ≥ 3. Then there is a canonical Nambu-Poisson structure on M such that the anchor map a : A → T M is a morphism of Lie-Filippov bialgebroids. If there is a morphism (A, A * ) → (B, B * ) of Lie-Filippov bialgebroids, the corresponding induced Nambu-Poisson structures on M are the same.
1.1. Organization of the paper. The paper is organized as follows. In §2, we recall some basic definitions and fix notation. In §3, we introduce the notion of n-Gerstenhaber algebra and prove Theorem 1.2, a classification result for n-Lie algebroids. In §4, we associate nLie algebroids canonically to Nambu-Jacobi manifolds of order n, and deduce properties of Filippov algebroids associated to Nambu-Poisson manifolds. Along the way, we also prove Theorem 1.1. Finally, in §5, we introduce the notions of Lie-Filippov bialgebroids of order n and strong differential n-Gerstenhaber algebras and prove Theorem 1.3.
Preliminaries
In this section, we recall some definitions, notations and results. Most of these ideas are from [1] , [2] and [10] .
2.1. n-Lie algebroids. The n-ary generalization of Lie algebras are called n-Lie algebras.
2.1.
Definition. An n-Lie algebra (or a Filippov algebra of order n) is a vector space B over R, together with a R-multilinear map
which is alternating, i.e.,
for σ ∈ Σ n and satisfies the generalized Jacobi identity (also called the fundamental identity)
Observe that Lie algebras are the 2-Lie algebras. There is a graded version of n-Lie algebras which yield graded Lie algebras for n = 2.
Definition.
A graded n-Lie algebra is a Z-graded real vector space B = ⊕ i∈Z B i equipped with a multilinear bracket [ , . . . , ] : B × · · · × B −→ B satisfying the following conditions:
(3) Graded fundamental identity:
Let X(M ) denote the space of smooth vector fields on a smooth manifold M . Recall that a Lie algebroid is a family of Lie algebras parametrized by a manifold.
A Lie algebroid is a smooth vector bundle p : A → M equipped with (i) a Lie algebra structure [ , ] A on the space of Γ(A) of smooth sections of p;
(ii) a vector bundle map a : A → T M over M (called the anchor) such that the induced C ∞ (M )-linear map a : Γ(A) → X(M ) is a map of Lie algebras and satisfies the derivation law:
Recall the definition of cohomology of a Lie algebroid with coefficients in a given representation ∇ on a vector bundle E.
Definition. The cohomology of A with coefficients in
where the differential is given by
In particular when E = M × R and ∇ = a the anchor map, the above cochain complex is denoted by {Γ(Λ k A * ), d A } k≥0 and the corresponding cohomology by H • (A).
Note that when A is the tangent bundle Lie algebroid then the coboundary with trivial representation is precisely the de Rham cohomology operator.
A parametrized family of n-Lie algebras is called an n-Lie algebroid defined as follows:
2.5. Definition. Let M be a smooth manifold. An n-Lie algebroid (or a Filippov algebroid of order n) over M , is a smooth vector bundle p : A → M such that (i) the space of smooth sections ΓA admits an n-bracket [ , . . . , ] which makes (ΓA, [ , . . . , ]) an n-Lie algebra; (ii) there exists a vector bundle morphism ρ :
Clearly, any n-Lie algebra may be considered as an n-Lie algebroid over a point with zero anchor map. There are examples naturally associated to Nambu-Poisson and Nambu-Jacobi manifolds (cf. §2. 2.2. Nambu-Jacobi and Nambu-Poisson manifolds. Nambu-Jacobi manifolds are generalizations of Jacobi manifolds and are defined as follows [5] .
2.7. Definition. A Nambu-Jacobi manifold of order n is a smooth manifold M (2 ≤ n ≤ dim M ) together with a n-multilinear map
satisfying the conditions:
(i) Alternating: {f 1 , . . . , f n } = sign(σ){f σ(1) , . . . , f σ(n) } for all f 1 , . . . , f n ∈ C ∞ (M ) and σ ∈ Σ n , where Σ n is the symmetric group of n elements; (ii) First order differential operator:
Given a Nambu-Jacobi manifold of order n, using (i) and (ii) in the above definition, we obtain a section of the vector bundle
given by an n-vector field Π and an (n − 1)-vector field E on M such that
On the other hand, recall that a Nambu-Poisson manifold is a generalization of the notion of Poisson manifolds and is defined as follows [6] .
satisfying the following:
(1) Alternating:
2.9. Remark.
(1) Jacobi manifolds and Poisson manifolds are Nambu-Jacobi manifolds and NambuPoisson manifolds of order 2 respectively.
(2) Note that a Nambu-Jacobi manifold M of order n, for which the bracket vanishes whenever one of the entries is a constant, is a Nambu-Poisson manifold of order n.
Given a Nambu-Poisson bracket, one can define an n-vector field Π ∈ Γ(Λ n T M ) by
The pair (M, Π) is called a Nambu-Poisson manifold of order n. Nambu structures on Lie algebroids are further generalizations of Nambu-Poisson manifold [5] (see [16] for an alternative definition). Let A → M be a Lie algebroid. Let n ∈ N, 3 ≤ n ≤ m = rank A. Let d A denote the coboundary operator of the Lie algebroid cohomology complex of A.
2.10. Definition. A smooth section Π ∈ Γ(Λ n A) is said to be a Nambu structure of order
denotes the generalized Schouten bracket on the graded commutative algebra Γ(Λ • A) and ι dentes the contraction operator.
It may be noted that a smooth manifold M is a Nambu-Poisson manifold of order n if and only if the Lie algebroid T M has a Nambu structure. This is equivalent to the existence of an n-vector field Π ∈ Γ(Λ n T M ) satisfying the condition of the above definition. Similarly, a Nambu-Jacobi manifold of order n ≥ 3 may be characterized as follows [5] .
2.11. Theorem. Let Π be an n vector field and E be an (n − 1) vector field on M , n ≥ 3. Then the pair (Π, E) define a Nambu-Jacobi structure on M of order n if and only if
for any (n − 1)-form α and (n − 2)-form β, where [ , ] denote the Schouten-Nijenhuis brackets of multi-vector fields.
classification of n-lie algebroid structures
Given a Lie algebroid A over a smooth manifold M , the algebra Γ(
, is a Gerstenhaber algebra [10] . Moreover, the collection of Lie algebroid structures on a smooth vector bundle A → M are in one to one correspondence with the set of all Gerstenhaber algebra structures on the graded commutative associative algebra (Γ(Λ • A), ∧) . The aim of this section is to prove a version of this result for n-Lie algebroids.
Recall that a Gerstenhaber (also known as Schouten) algebra is defined as follows. For a graded object A = ⊕ i∈Z A i , if a ∈ A i , then |a| denotes the degree i of a.
3.1. Definition. Let R be a ring and let C be an R-algebra. A Gerstenhaber algebra over C is a Z-graded commutative, associative C-algebra A = ⊕ i∈Z A i endowed with a R-bilinear bracket (called Schouten bracket or Gerstenhaber bracket)
We introduce natural n-ary generalizations of Gerstenhaber algebras, which we call nGerstenhaber algebras.
3.2.
Definition. Let R be a ring and C be an R-algebra. An n-Gerstenhaber algebra over C is a Z-graded commutative, associative C-algebra
The n-linear operation in the Definition 3.2 will be called an n-Gerstenhaber bracket.
3.3.
Remark. An n-Gerstenhaber algebra consists of a triple (
) be an n-Lie algebra. The commutative, associative graded algebra Λ • B (with respect to the standard wedge product ∧) may be given an n-Gerstenhaber algebra structure defined as follows:
[a 1 , . . . , a n ] G = [a 1 , . . . , a n ] if |a i | = 1 for any i and extend the bracket [ , . . . , ] G on Λ • B uniquely by using the conditions (ii) and (iv) of Definition 3.2.
For a vector bundle A over M , the graded
is a graded commutative associative algebra. An n-bracket on multisections induces an nGerstenhaber algebra structure on Γ(Λ • A). We prove 3.5. Theorem. Let A be a vector bundle over M . There is a one-to-one correspondence between the set of n-Lie algebroid structures on A and the set of all n-Gerstenhaber algebra structures on the algebra (Γ(Λ • A), ∧).
Proof. Let A → M be an n-Lie algebroid and ρ : Λ n−1 A → T M be the associated anchor map. We extend the n-Lie algebra bracket [ , .
Using the conditions (ii) and (iv) of Definition 3.2, extend the bracket [ , .
has an n-Gerstenhaber algebra structure. Conversely, assume that there is an n-Gerstenhaber bracket [ , . . . , ] G on the graded commutative, associative algebra (Γ(Λ • A), ∧) which makes it an n-Gerstenhaber algebra. The restriction of this bracket to Γ(A) makes Γ(A) an n-Lie algebra. Let X 1 , . . . , X n−1 ∈ Γ(A) and f, g ∈ C ∞ (M ) = Γ(Λ 0 A). Then by condition (iv) of Definition 3.2, we have
Hence, we have a linear map
Observe that
Therefore, ρ is C ∞ (M )-linear and hence it defines a vector bundle morphism
Therefore, (A, [ , . . . , ] G , ρ) forms an n-Lie algebroid.
3.6. Example. Let M be a Nambu-Poisson manifold of order n given by a Nambu tensor P . From [13] we know that the cotangent bundle T * M has an n-Lie algebroid structure
, where D = L P . We will be interested in a modified version of this n-Lie algebroid obtained using the Remark 2.6. More precisely, we consider the n-Lie algebroid on T * M , where the bracket and the anchor are given by
for 1-forms a i . As a consequence the space of forms Ω • (M ) admits an n-Gerstenhaber bracket [ , . . . , ] making it into an n-Gerstenhaber algebra, obtained by extending the the n-ary bracket [ , . . . , ] L P (cf. Theorem 3.5).
Filippov algebroids associated to Nambu-Jacobi and Nambu-Poisson manifolds
In this section, we construct n-Lie algebroids associated to Nambu-Jacobi manifolds of order n. Following this, we investigate properties of n-Lie algebroids associated to NambuPoisson manifolds as obtained in the Example 3.6.
4.1.
Lie algebroids associated to Nambu-Jacobi manifolds. Motivated by the results proved in [7] and [3] , Nambu-Jacobi structure is studied in [5] . It is analyzed as a deformed Nambu-Poisson structure by means of differential calculus on Lie algebroids, in the presence of a 1-cocycle. Using these ideas we prove that a Nambu-Jacobi structure on M of order n ≥ 3 naturally induces an n-Lie algebroid structure on the vector bundle T * M × R.
Let M be a smooth manifold and A → M be a smooth vector bundle. Form the vector bundle A × R over M with dual bundle A * × R. Note that the spaces of smooth sections may be identified as
The pairings are computed using formulae (cf. [7] )
where X, Y ∈ ΓA, f, g ∈ C ∞ (M ). With the above identifications, the coboundary operator
Let (A, [ , ], ρ) be a Lie algebroid over a smooth manifold M and let φ ∈ ΓA * be a 1-cocycle. Then
Hence, one has a representation
of A on the trivial line bundle twisted by φ given by 
One also has the φ-deformed Schouten bracket [3] on the space of multisection of A, defined by [P,
where P ∈ ΓΛ r A, P ′ ∈ ΓΛ r ′ A.
, ρ) be a Lie algebroid and φ ∈ ΓA * be a 1-cocycle. The φ-deformed Schouten bracket satisfies
Let M be a smooth manifold. We apply the above results for the Lie algebroid A = T M × R. Denote the coboundary operator for the Lie algebroid A = T M × R byd as above. Let n ≥ 3. Note that
consisting of zero 1-form and the constant function (n − 1) is a 1-cocycle. Then we have the following result from [5] .
Then Π defines a Nambu-Jacobi structure of order n on M if and only if
We prove that Π as above induces a Nambu structure on T M × R over M .
4.3.
Theorem. Let M be a Nambu-Jacobi manifold of order n ≥ 3. The Lie algebroid (T M × R, [ , ],ρ) has an induced Nambu structure of order n.
Proof. Let M be a Nambu-Jacobi manifold of order n ≥ 3. By Proposition 4.2 there exists a section Π ∈ ΓΛ n (T M × R) such that
On the other hand,
Therefore, using (1), (2) and (3), we get
Hence, by Definition 2.10, Π ∈ ΓΛ n (T M × R) defines a Nambu structure of order n on the vector bundle T M × R.
Filippov algebroid of a Nambu-Poisson manifold.
Recall that an n-Lie algebroid is canonically associated to a Nambu-Poisson manifold of order n ( [13] ). We show that if a Lie algebroid A is equipped with a Nambu structure of order n, then there is an n-Lie algebroid structure on A * using similar methods. Let Hom R (Γ(Λ • A * )) be the space of R-endomorphisms of the exterior algebra Γ(Λ • A * ). We say that
The subspace of Hom R (Γ(Λ • A * )) consisting of all endomorphisms of degree p is denoted by Hom 
Fix an operator D ∈ D −(n−1) n then following [13] , we define an n-ary bracket as follows.
where 1 ∈ C ∞ (M ) is the constant function taking the value 1.
As in [13] , one can verify that (ΓA * , [ , . . . , ] D ) is an n-Lie algebra provided . . . D, µ a 1 , . . . , µ a n−1 , D ∈ D n−1 , for any a 1 , . . . , a n−1 ∈ ΓA * .
4.5.
Remark. We need to consider an extension of the above bracket to get another one, denoted by the same notation, and, defined on
For any a 1 , . . . , a n−1 ∈ ΓA * , by using Remark 4.5, one can show that [a 1 , . . . , a n−1 , ] D acts as a derivation on C ∞ (M ) and hence defines a vector field on M . It can be verified that
is C ∞ (M )-linear and, therefore, yields a vector bundle map as follows.
Definition. Define a vector bundle map
and extend it by linearity.
Then, as in [13] , we have the following result.
Theorem. Let (A, [ , ], a) be a Lie algebroid over a smooth manifold
, a) is a Lie algebroid over a smooth manifold M equipped with a Nambu structure Π ∈ Γ(Λ n A) (cf. Definition 2.10). Proceeding as in [13] we get the following result.
Proposition. The generalized Lie derivative
for all a i ∈ Γ(A * ), i ∈ {1, . . . , n − 1}.
As a consequence we have the following result. Combining Theorem 4.3 and Theorem 4.9, we deduce 4.10. Theorem. Let M be a smooth manifold equipped with a Nambu-Jacobi structure
Taking A = T M in Theorem 4.9, where M is a Nambu-Poisson manifold, we retrive Example3.6.
4.11.
Corollary. Let (M, { , . . . , }) be a Nambu-Poisson manifold of order n and P ∈ Γ(Λ n T M ) be the corresponding Nambu-Poisson tensor. Then (T * M, [ , . . . , ] L P , ρ) is an n-Lie algebroid, where the bracket is defined by
for 1-forms a i and the anchor is given by
Next we prove a result which establishes some connections between the Gerstenhaber bracket induced by the n-Lie algebroid associtaed to a Nambu-Poisson manifold M and the Nambu-Poisson bracket on C ∞ (M ).
Remark. Note that for any multivector field
Notation: To simplify notation, we will denote the operator µ a , for any a ∈ Γ(Λ • A * ), simply by a.
4.13.
Proposition. Let (M, { , . . . , }) be a Nambu-Poisson manifold of order n. Let P be the corresponding Nambu-Poisson tensor. Then the bracket on the space of 1-forms as defined above satisfies
for smooth functions f 1 , . . . , f n ∈ C ∞ (M ).
Proof. To see the first equality, note that
By repeating the above step, we get
For the second equality we observe that
Recall from the Example 3.6 that for a Nambu-Poisson manifold M , we have an nGerstenhaber bracket [ , . . . , ], on the graded space of forms ΓΛ • (T * M ) = Ω • (M ) on M , obtained by extending the n-Lie algebra bracket [ , . . . , ] L P , which makes it an nGerstenhaber algebra. The following result shows how the n-Gerstenhaber bracket behaves with respect to the exterior differential on M . 4.14. Proposition. Let (M, { , . . . , }) be a Nambu-Poisson manifold of order n. Then for any 1-forms α 1 , . . . , α n ∈ Ω 1 (M ), we have
Proof. It is enough to prove the identity for
for f 1 , . . . , f n ∈ C ∞ (M ) and X 1 , . . . , X n ∈ ΓA. Therefore, for the n-Lie algebroid (T * M, [ , . . . , ] L P , ρ) where M is a Nambu-Poisson manifold M of order n with Nambu tensor P , we have
The coefficients of these terms are smooth functions on M . Similarly, one can expand
with respect to the same terms. To check that
it suffices to match the coefficients on both quantities termwise. We use Proposition 4.13 to observe that (1) the coefficients of df i ∧ dg j , i = j, are the same in both the quantities; (2) the coefficients of df i ∧ dg i are zero; (3) the coefficients of dg i ∧ dg j are the same as the coefficients of dg j ∧ dg i and hence they cancel each other in one quantity while it is zero in the other; (4) the coefficients of df i ∧ [dg 1 , . . . , dg n ] are the same in both the quantities; (5) the coefficients of [dg 1 , . . . , df i , . . . , dg n ] ∧ dg i are the same in both the quantities.
This completes the proof.
lie-filippov bialgebroid
The notion of a Lie bialgebroid was introduced by Mackenzie and Xu [11] , as a generalization of both Poisson manifold and Lie bialgebra. Lie bialgebroids are the infinitesimal form of Poisson groupoids. Note that Poisson groupoids, introduced by Weinstein [14] , are generalizations of both Poisson Lie groups and symplectic groupoids.
Recall that a Lie bialgebroid is a pair (A, A * ) of Lie algebroids in duality, where the Lie brackets satisfy a compatibility condition which can be expressed in terms of the differential d * on Γ(Λ • A) defined by the Lie algebroid structure of A * and the Gerstenhaber bracket
[ , ] on Γ(Λ • A) defined by the Lie algebroid structure on A,
for all X, Y ∈ ΓA. Note that this condition is equivalent to the condition (16) in [11] .
Let d A be the coboundary operator in the Lie algebroid complex Γ(Λ • A * ) of the Lie algebroid A and [ , ] * be the Gerstenhaber bracket in Γ(Λ • A * ) extending the Lie bracket of ΓA * . Then the compatibility condition may be stated equivalently as
The aim of this section is to introduce a generalization of the notion of Lie bialgebroid, which we call Lie-Filippov bialgebroid. Roughly speaking, a Lie-Filippov bialgebroid of order n is a pair (A, A * ) consisting of a Lie algebroid A over a smooth manifold M such that the dual bundle A * admits an n-Lie algebroid structure and the Lie algberoid structure on A and the n-Lie algebroid structure on A * are related by some suitable compatibility condition, which is a generalization of the equivalent compatibility condition for Lie bialgebroids as stated above. We prove some results which are consequences of this structure.
We begin with a motivating example.
5.1.
Example. Let M be a Nambu-Poisson manifold of order n. Then T M is a Lie algebroid and from the Corollary 4.11, in the previous section, we know that T * M admits an n-Lie algebroid structure. Moreover, from Proposition 4.14, we see that the induced n-Gerstenhaber bracket on Ω • (M ) satisfies
5.2. Definition. Let A be a Lie algebroid over a smooth manifold M such that the dual bundle A * admits an n-Lie algebroid structure. Then the pair (A, A * ) is said to be a LieFilippov bialgebroid of order n, n ≥ 2 over M , if the following compatibility condition holds.
for any α i ∈ ΓA * , i ∈ {1, . . . , n}, where d A is the Lie algebroid coboundary operator for the Lie algebroid cohomology of A with trivial coefficients and [ , . . . , ] G is the n-Gestenhaber bracket on the graded algebra Γ(Λ • A * ), corresponding to the n-Lie algebroid structure on A * .
5.3.
Remark. Note that a Lie-Filippov algebroid of order 2 is simply a Lie bialgebroid. Moreover, from the Example (5.1), we see that if M is a Nambu-Poisson manifold of order n, the pair (T M, T * M ) is a Lie-Filippov bialgebroid of order n, over M .
Next, we introduce a notion of strong differential n-Gerstenhaber algebras and established its connection with a Lie-Filippov bialgebroid of order n. Recall the following definitions from [15] .
Definition.
A differential Gerstenhaber algebra is a Gerstenhaber algebra equipped with a differential δ, which is a derivation of degree 1 with respect to ∧ and δ 2 = 0. It is called a strong differential Gerstenhaber algebra if, in addition, δ is a derivation of graded Lie bracket.
There is a one-to-one correspondence between Lie bialgebroids (A, A * ) and strong differential Gerstenhaber structures on Γ(Λ • A) (cf. [15] ). Note that Lie bialgebroid is a dual concept, in the sense that, if (A, A * ) is a Lie bialgebroid so is (A * , A) (cf. [8, 11] ). Hence, there is a one-to-one correspondence between Lie bialgebroids (A, A * ) and strong differential Gerstenhaber structures on Γ(Λ • A * ).
We prove n-ary version of the above result by introducing the notion of strong differential n-Gerstenhaber algebra.
5.5.
Definition. An n-Gerstenhaber algebra A is said to be a differential n-Gerstenhaber algebra if there is a differential δ on A, which is a derivation of degree 1 with respect to ∧, that is, δ(x ∧ y) = δx ∧ y + (−1) |x| x ∧ δy and δ 2 = 0. A differential n-Gerstenhaber algebra is said to be a strong differential nGerstenhaber algebra if, in addition, δ is a derivation of the graded n-Lie bracket. 
is a differential n-Gerstenhaber algebra with
for any α i ∈ ΓA * , i ∈ {1, . . . , n}. Equivalently, (A, A * ) is a Lie-Filippov bialgebroid of order n if and only if
is a strong differential n-Gerstenhaber algebra.
In [8, 11] , the authors showed that if A is a smooth vector bundle over a smooth manifold M such that (A, A * ) is a Lie bialgebroid then there is a canonical Poisson structure on the base manifold M . It is interesting to investigate this aspect in the case when (A, A * ) is a Lie-Filippov bialgebroid. We prove the following useful lemma. 5.7. Lemma. Let (A, A * ) be a Lie-Filippov bialgebroid of order n over a smooth manifold M . For any α i ∈ ΓA * , i ∈ {1, . . . , n − 1} and f ∈ C ∞ (M ), we have
Proof. Let α n ∈ ΓA * . Note that
Simplify the left hand side as
Subtract from this the expression
and simplify to obtain
Thus, the result follows as α n is arbitrary.
In order to formulate the next theorem we consider the natural definition of morphisms between Lie-Filippov bialgebroids. A morphism of n-Lie algebroids over a fixed base manifold M is a smooth map of vector bundles that preserves the n-bracket and commutes with the anchor maps. Suppose (A, A * ) and (B, B * ) are two Lie-Filippov bialgebroids of order n over M . A morphism (A, A * ) → (B, B * ) is a morphism f : A → B of Lie algebroids so that f * : B * → A * is a morphism of n-Lie algebroids. 5.8. Theorem. Let (A, A * ) be a Lie-Filippov bialgebroid of order n over a smooth manifold M for n ≥ 3. Then there is a canonical Nambu-Poisson structure of order n on M such that the anchor map a : A → T M is a morphism of Lie-Filippov bialgebroids. If there is a morphism (A, A * ) → (B, B * ) of Lie-Filippov bialgebroids, the corresponding induced Nambu-Poisson structures on M are the same.
Proof. Define an n-bracket on C ∞ (M ) by
where d A is the coboundary operator of the Lie algebroid cohomolgy of A with trivial coefficients, ρ is the anchor of the n-Lie algebroid structure on A * , and [ , . . . , ] G is the n-Gerstenhaber bracket on Γ(Λ • A * ).
From the Lemma 5.7, it follows that
Clearly, the bracket is skew-symmetric in the first (n − 1) entries, so to prove that the above defined bracket is skew-symmetric, it suffices to check the skew-symmetry with respect to the last two entries.
Note that for any f 1 , . . . , , f n−2 , f ∈ C ∞ (M ),
By definition of the n-ary bracket and from equation (5), we see that
This means,
In other words,
We thus have either f (x) = 0 or u(x) = 0 for every x. Note that u(x) = 0 if f (x) = 0 in an open neighbourhood of x, or if f (x) = 0. Otherwise, f (x) = 0 and f (x n ) = 0 for a sequence x n → x as n → ∞. It follows that u(x n ) = 0 and hence u(x) = 0 by continuity. Therefore, in all cases
which proves that the n-ary bracket defined on C ∞ (M ) is skew-symmetric. From the definition of the bracket, it is clear that it satisfies the derivation property. We prove the fundamental identity for the bracket using Hamiltonian formalism. For f 1 , . . . , f n−1 ∈ C ∞ (M ), define a vector field X f 1 ... This completes the proof of the theorem. 5.9. Remark. Observe that for a Nambu-Poisson manifold M of order n, if we consider the Lie-Filippov bialgebroid (T M, T * M ) of Example 5.1, then its induced Nambu-Poisson structure on M coincides with the given Nambu-Poisson structure on M .
